Abstract. The Gamma measure corresponds to a measure on a marked configuration space with an infinite measure on the marks. We construct Dirichlet forms for the movement of marks and positions. These include the movement of the support, which is a dense set in R d , d ∈ N. The key ingredient is a recently discovered integration by parts formula for the directional derivative w.r.t. the positions. We briefly introduce the geometry and then concentrate on the construction of the Dirichlet forms.
Introduction
A Gamma measure can be considered as a measure on a "marked configuration space with an infinite measure on the marks". To my knowledge only Dirichlet forms moving the marks and positions were considered for marked configuration spaces with finite measure on the marks.
In this article we concentrate on the Dirichlet forms which we can construct for a Gamma measure. It is supported by the cone of positive, locally finite discrete measures, which are of the form η = x∈τ (η)
Here, τ (η) ⊂ R d , d ∈ N fixed, denotes the support of η, which is typically dense in R. Moreover, s x ∈ R + := (0, ∞) and δ x is the Dirac measure at x ∈ R d . We refer to the points x ∈ τ (η) of the support of each finite discrete measure η as positions and to the s x as marks.
In [4] a proper geometry on the cone of positive finite discrete measures is introduced and the existence of an integration by parts rule is shown. Here, we only briefly introduce the directional derivatives, gradients and tangent spaces involved and state the integration by parts formula. Regarding the Dirichlet forms we are more detailed. For further applications we refer the reader to [4] .
Projecting the associated stochastic process to the support, we get a stochastic process moving a dense set: If we consider a compact subset of the support, we encounter typically 2010 Mathematics Subject Classification. Primary 60G57, 28C20; Secondary 46G12, 58B20, 58J65, 60G55.
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c 2013 American Mathematical Society infinitely many points lying dense in this set. For the other mentioned Dirichlet forms, the number of points in each compact set of the support is a finite number.
The difference to e.g. [1] is that we obtain some Dirichlet forms without using a quasiinvariance formula. Although in [4] we also obtain an integration by parts formula for the directional derivative w.r.t. the marks via the quasi-invariance, this is not possible for the one w.r.t. the movement of the positions. Nevertheless, we have deduced an integration by parts formula for this directional derivative.
We first calculate for each gradient its adjoint and then produce the corresponding Dirichlet forms which correspond to stochastic processes on the cone. The cone of positive finite real discrete measures is defined as 
Gamma measure
where a, η : 
Its law G θ , given by the Laplace transform
is called Gamma measure where a :
In [8] the Gamma measures are discussed in the context of representation theory of groups. A constructive approach is presented in [7, Definition 2.2] , where
Quasi-invariance of G θ . Fix θ > 0 and set
Definition 2.4 (cf. [7, Chapter 3]). For each h ∈ M we define the multiplicator
This multiplicator changes the weights of the discrete measure η ∈ K at a point x ∈ τ (η) depending on that point; i.e., in our interpretation the mark of a particle is changed.
Theorem 2.5 (see [4] and cf. [7, Theorem 3 
.1]). For each h ∈ M, the Gamma measure G θ is quasi-invariant under M h , and the corresponding density is given by
d(M h G θ ) dG θ (η) = exp −θ R d h(x) m(dx) exp − R d e −h(x) − 1 dη(x) .
Differential geometry
After introducing a gradient w.r.t. the movement of the marks and one w.r.t. changing the positions, we merge them to obtain one acting on both components. The results of this section are explained in more detail in [4, 3] .
Gradient w.r.t. the motion of marks. If no confusion is possible without any further remarks, we denote by
where
, η ∈ K, and for i = 1, . . . , N, N ∈ N and ρ i ∈ M. We note that the transformation M th , t ∈ R and h ∈ M, changes only the marks of the discrete measure η. Thus the related directional derivative is a property of the marks.
whenever the expression on the right-hand side exists.
We set the tangent space to K at η ∈ K as
whenever the directional derivative of F in each direction h ∈ M exists and 
) the gradient is well-defined (and independent of the representation of F ):
d is defined as the solution to the following Cauchy problem:
provided the right-hand side exists. Here, means that we take the image measure. 
is defined for all those functions for which the above holds. 3.3. Gradient on the cone. After having defined the gradient w.r.t. the motion of the marks and the one w.r.t. the change of positions, we glue the pieces together.
and the gradient as
whenever the objects exist.
Furthermore, we set the tangent space of K at η ∈ K to be (3.4)
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use STOCHASTIC ANALYSIS WITH THE GAMMA MEASURE 153
Dirichlet forms
Our aim is to define some Dirichlet forms on the cone K of positive discrete measures over R d . In the framework of [5] the case of a finite measure on the marks is treated. Translating our task to that framework requires an infinite measure on the marks. Although we lack a quasi-invariance formula on the space of points, we obtain a Dirichlet form on the cone K. The Dirichlet form approach (cf. e.g. [2, 6] ) is used to obtain the Dirichlet forms; i.e., we define a bilinear form whose closure is a Dirichlet form.
Integration by parts formula.

Theorem 4.1 (see [4]). For each
and η ∈ K we define the following logarithmic derivative:
We obtain for all
Definition 4.2. A function V : K → R is called a differentiable cylindrical vector field iff it is of the form
we denote the set of such functions. Moreover,
The gradient of a function F ∈ FC
is exactly of that form, i.e.,
Before we derive a formula for the adjoint of such vector fields, we have to check that the following integrals are finite. This ensures that the adjoint of the gradient can be well-defined.
Proof. The differentiable cylindrical vector fields are bounded and finitely supported. Thus the integral is finite because the moments of the Gamma measure G θ exist and are finite: We know that there exist Λ ∈ B c (R d ) and C,C > 0 such that
Then we have for all F ∈ FC
Proof. This follows by the definition of the tangent space (cf. (3.4) ) and using Theorem 4.1 twice (once for h = 0 and once for v being the identity). The finiteness of the involved integrals follows by Lemma 4.3.
In detail, we see that
where we used the definition of the adjoint in the last line.
Extrinsic Dirichlet form. We define for F, G ∈ FC
It is well-defined by Lemma 4.3.
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Here,
Proof. This follows by Theorem 4.4. Namely, for an arbitrary cylindrical function
Moreover, the generator is independent of the representation of F (cf. [3, Section 6.2]).
, the bilinear form is densely defined. Obviously E G θ is a symmetric bilinear form. We prove the positive definiteness: For F ∈ FC 2 b (K, M) it holds that (using (4.3)) (4.4)
which is positive because η ∈ K. By [6, Proposition I.3.3] the rest of the claim follows.
and using (4.4) we see that
Hence, by [6, Proposition I.4 .10], the closure is a Dirichlet form. That it is conservative is obvious.
Intrinsic Dirichlet form. We define for
the gradient bilinear form
By Lemma 4.3 it is well-defined. Proof. For the proof we use Theorem 4.1 and that div
This implies the symmetry, bilinearity and the generator of E P λ int . We see its positive definiteness by
The closability now follows by [6, Proposition I.3.3] . Proof. Using ρ ε as in the proof of Theorem 4.7 we see that g F )( η, ρ 1 , . . . , η, ρ N )∂ j (ρ ε • g F )( η, ρ 1 , . . . , η, ρ N F ( η, ρ 1 , . . . , η, ρ N )∂ j g F ( η, ρ 1 , . . . , η, ρ N )
